We study a system of self-gravitating identical bosons by means of a semirelativistic Hamiltonian comprising the relativistic kinetic energies of the involved particles and added (instantaneous) Newtonian gravitational pair interaction potentials. With the help of an improved lower bound to the bottom of the spectrum of this Hamiltonian, we are able to enlarge the known region for relativistic stability of boson stars against gravitational collapse and to sharpen the predictions for their maximum stable mass.
Introduction
A semirelativistic system of N self-gravitating identical bosons of mass m and momenta p i , i = 1, 2, . . . , N, can be described -in Newtonian approximation, justified by the assumption of a weak gravitational field -by the Hamiltonian
where, in the Newtonian pair potential, the gravitational interaction strength (determined by the gravitational constant G and the particle mass m) has been encoded in the coupling parameter κ ≡ Gm 2 and the pair distance between the interacting particles i and j is given by their relative coordinate r ij ≡ |x i −x j |. The Hamiltonian H, among others, has been adopted to investigate spherically symmetric and nonrotating configurations of purely gravitationally interacting bosons forming compact objects known as "boson stars" [1] [2] [3] [4] [5] . Needless to say, this approach omits general-relativistic effects. Sufficient conditions have been found both for relativistic stability, which is characterized by the existence of a lower bound on the Hamiltonian (1), and for relativistic gravitational collapse, which is inevitable if the Hamiltonian (1) is unbounded from below. Moreover, semirelativistic bounds to the maximum or critical mass M c of boson stars, i.e., the mass beyond which there must be relativistic collapse, have been derived.
The results of particular interest for this analysis can be summarized as follows. The relativistic kinetic energy √ p 2 + m 2 satisfies [1] a (tangential [6] ) operator inequality, involving an arbitrary real parameter µ with the dimension of mass:
This inequality may be adopted to relate the semirelativistic Hamiltonian H to its nonrelativistic counterpart. A variational bound on the ground-state energy of the nonrelativistic N-particle problem thus translates into the upper bound M c < 1.52/Gm [2] . Employing the numerically computed exact nonrelativistic ground-state energy, this bound is refined to M c < 1.518/Gm [4] . Rewriting H as a sum of one-particle Hamiltonians, each of which is bounded from below by the lowest positive eigenvalue of the Klein-Gordon Schrödinger equation with Coulomb potential, yields a bound 1 to the bottom E of the spectrum of H [3] :
The replacement of N − 1 under the square root by N weakens this bound but allows for its analytic maximization, which entails the analytic lower bound [3] 
Together these estimates constrain M c to the range 0.7698 < GmM c < 1.518. The resulting ratio of upper to lower bounds on M c is r U/L ≃ 2.0. The so-called local-energy theorem may be used to increase the lower bound, whereas a more sophisticated choice of trial functions diminishes the variational upper bound. The combined effect of these improvements is to narrow down the range for M c to 0.8468 < GmM c < 1.439, with upper-to lower-bound ratio of r U/L ≃ 1.7 [5] .
We have reanalyzed [8] the upper bound of Ref. [5] with positive not-monotone Hartree wave-function factors φ(r). With the factor (before scale optimization) φ(r) = ce −r (1+ar), a > 0, we confirm the findings [5] that the best value of a is about a ≃ 1, which yields GmM c < 1.43871 ≈ 1.439. This φ does indeed seem to be close to the best possible Hartree factor. With a = 1.13, we get a slight improvement, viz., GmM c < 1.43854. With the factor φ(r) = ce −r (1−be −r ) we obtain our best result, viz., GmM c < 1.43764 for b = 0.625. Thus we have been able to lower the upper bound on the critical mass slightly to M c < 1.438/Gm.
In this paper we tighten the interval allowed for the critical mass of boson stars, by employing an improved analytic lower bound [7] on the ground-state energy of the N-particle Hamiltonian (1) for semirelativistic self-gravitating N-boson systems, to a range characterized by an upper-to lower-bound ratio r U/L ≃ 1.3. The region of validity of a lower bound on the Hamiltonian H defines the range of relativistic stability of the gravitating N-particle system under study [3] : our improved lower energy bound discussed below increases somewhat the stability region obtained in Ref. [3] ; for instance, for couplings κ ≪ 1 -which allows for large N -this increase of the stability range amounts to an 11% improvement.
Lower bound to self-gravitating semirelativistic N-boson systems
Let |Ψ , Ψ|Ψ = 1, represent the normalized ground state of H, corresponding to its lowest eigenvalue E ≡ Ψ|H|Ψ . Now, the bosonic nature of the identical bound-state constituents forces the eigenstates of H (i.e., their wave functions) to be symmetric under any permutation of the individual-particle coordinates {x 1 , x 2 , . . . , x N }. The boson permutation symmetry of |Ψ reduces the N-body problem posed by the Hamiltonian H to a constrained two-particle problem [9] :
By use of permutation symmetry, Eq. (3) may be cast into the equivalent form
After removal of the center-of-mass momentum from p 1 and p 2 , this apparent two-particle problem reduces to a one-body problem in the relative coordinate and momentum of the particles 1, 2 for which the Klein-Gordon equation with Coulomb interaction gives a lower bound: this eventually yields the bound (2).
The lower bound (2), however, is dramatically improved [7] by the use of Jacobi relative coordinates. The transformation from a given set {x i , i = 1, 2, . . . , N} of coordinates to another set {ρ k , k = 1, 2, . . . , N} may be defined by a matrix B = (B ki ): ρ = Bx. The orthogonality B −1 = B T of B is not mandatory but may prove to be convenient. The momenta {π i } conjugate to the {ρ i } are then also determined by π = (B −1 ) T p = Bp. The transformation to Jacobi relative coordinates is represented by an orthogonal matrix with the first row given by
whereas, for all 2 ≤ k ≤ N, in the kth row only the first k entries are nonzero:
Evidently, by the definition of B its first row generates the usual center-of-mass variable ρ 1 , while its second row introduces a pair distance
Any boson state |Φ is symmetric under permutations of all individual-particle coordinates. However, a non-Gaussian boson state is not necessarily symmetric in the Jacobi relative coordinates. Nevertheless, as has been shown in App. A of Ref. [7] , each such |Φ satisfies, for all i, k ≥ 2, the N-representability identities
Now, for the sake of notational simplicity, let us introduce some abbreviations:
These parameters λ, a, b, c are, of course, related by a 2 +b 2 = 2 and 1+c 2 = 2λ. In terms of Jacobi relative coordinates, the expectation value (3) then becomes
We assume that the eigenstate |Ψ depends on {ρ 2 , ρ 3 , . . . , ρ N } but not on ρ 1 . A lemma shown in Ref. [10] allows us to remove the center-of-mass momentum π 1 from the kinetic term. Thus the N-body ground-state energy E simplifies to
Focusing to the (N −1, N) subsystem we introduce new coordinates {R, r} and their conjugate momenta {P, p}, by performing the coordinate transformation
The expectation value (6) suggests the most favourable choice of the matrix O:
Upon this change of variables, the ground-state energy E of the Hamiltonian H is given by the expectation value E = Ψ|H|Ψ of the two-particle Hamiltonian
It may be proved that H is bounded from below by the Hamiltonian entering in the expectation value on the right-hand side of Eq. (4) (see App. B of Ref. [7] ).
For the new momenta P and p, the identities (5) translate into the constraints
Consequently, we must look for the bottom of the spectrum of the constrained problem posed by the operator H in a domain D restricted by these conditions:
This bottom E of the spectrum of H, of course, provides a lower bound to E:
Let |ψ ∈ D, ψ|ψ = 1, be the eigenstate of the Hamiltonian H corresponding to this lowest eigenvalue E. The eigenvalue equation of H satisfied by |ψ reads
By squaring this relation and remembering the constraints that define D we get
Now, by assumption, |ψ is the lowest eigenstate of H but not necessarily of the one-particle Kratzer-type [11] operator in Eq. (7). According to the variational principle, the (well-known) lowest eigenvalue of this Kratzer-type Hamiltonian provides a lower bound on the expectation value in Eq. (7). Solving the implicit inequality for E yields a lower bound to E, and thus to E [7] ; this lower bound is nothing but the lowest positive eigenvalue of the corresponding Klein-Gordon Schrödinger equation [12] for gravitational interaction of appropriate strength:
Our improved lower bound (8) on the ground-state energy of a self-gravitating N-boson system is of the same form as the bound (2) but with γ ≡ N(N −1)/2 replacing (N −1) 2 , which is favourable since N(N −1)/2 < (N −1) 2 for N > 2.
Semirelativistic stability and critical mass of boson stars
Let us now analyze the implications of the improved lower energy bound (8) for both stability against gravitational collapse and maximum mass of boson stars.
The existence of a lower bound on the spectrum of the Hamiltonian operator H guarantees the stability of the self-gravitating boson system against relativistic gravitational collapse. The region of validity of such kind of lower energy bound delimits the stability range of the bound state described by H. By construction, our bound (8) holds for all N satisfying N(N − 1)κ 2 < 2. This stability region is larger than the one, (N −1)κ < 4/π, found in Ref. [3] . For large values of N, allowed for sufficiently small couplings κ, this gain amounts to π/2 √ 2 = 1.11. In terms of Newton's constant G and the particle mass m, a sufficient condition for relativistic stability thus is that the particle number N fulfils the constraint
Following Ref. [3] , in order to allow for a discussion by elementary methods, we weaken Eq. (8) by replacing the exact N dependence γ ≡ N(N −1)/2 by N 2 /2:
Evidently, even this weakened lower bound is still above the lower bound (2) for all N > 2+ √ 2 ≃ 3.41; for large N, the weaker bound approaches the exact one. The (single) maximum of this weakened lower bound is situated at the critical pointN = 4/3κ, which is, fortunately, in the interior of the region of validity of our lower bound (8) on the Hamiltonian H asN < √ 2/κ. This maximum thus constitutes the (improved) lower bound on the critical mass M c of boson stars
This lower M c bound is larger by exactly a factor √ 2 than the result of Ref. [3] . Combining the lower bound (9) with the Rayleigh-Ritz upper bound of Ref. [5] tightens the (Newtonian-limit) prediction for M c to 1.08866 < GmM c < 1.439, reducing thus the ratio between upper and lower bounds on M c to r U/L ≃ 1.3.
In summary, with the aid of an improved lower bound [7] (based on the relative coordinates of the bound-state constituents) on the bottom of the spectrum of the semirelativistic N-boson Hamiltonian (1) with gravitational interaction we have succeeded in enlarging the range of semirelativistic stability of boson stars and in halving the theoretical uncertainty in the maximum mass of boson stars.
